ABSTRACT This paper deals with the problem of H ∞ proportional-integral (PI) output feedback tracking control for a ducted rocket engine when event-triggering mechanism is incorporated. We determine necessary samplings of the feedback signal by constructing predefined event-triggering condition that can reduce redundant signal transmission and updates. Specifically, the mathematical model of ducted rocket is first introduced and its control problem is described. Then, for control design, an output-based periodic eventtriggering scheme is provided. Particularly, a variable built by the exogenous disturbance and reference signal is added in the event-triggering condition to adjust triggering frequency and H ∞ output tracking performance. Moreover, to facilitate system performance analysis, a time-delay closed-loop model is established with the PI controller. By using the Lyapunov-Krasovskii functional method, a sufficient condition is further provided to guarantee the H ∞ output tracking performance. Meanwhile, the influence of the event-triggered control on the system performance analysis is clarified. Finally, the proposed control method is applied to the ducted rocket control model, and simulation results demonstrate its effectiveness.
I. INTRODUCTION
Ducted rocket is an air-breathing solid rocket ramjet engine, which uses oxygen in the air as an oxidant, and high calorific value and high density solid propellant as fuel [1] . The specific impulse of ducted rocket is 4 to 6 times greater than traditional solid engines. Compared with the liquid ramjet engine, the remarkable advantage of ducted rocket is the use of all solid fuel. This allows the engine to have simple structure, high reliability and to maintain easily. The use of high-density solid fuel also makes the power system smaller such that the rocket's payload is more greater. Generally, the main objective is to ensure that ducted rocket can work reliably and have a certain performance and economy. It relies heavily on control designs, especially for gas flow regulation. In the literature, a lot of research have been done on ducted rocket engines [2] - [5] , but there are relatively few studies on ducted rocket control, see, e.g., thrust control based on information fusion [6] , robust propulsion control [7] and gas generator pressure adaptive control [8] . It should be noted that the existing control designs are mostly in the category of classical control methods.
Event-triggered control has attracted a great deal of attention in the last decade for its advantages in reducing the unnecessary resource consumption of the system. The early works [9] , [10] have studied the event-triggering schemes based on system state, and the events are executed only when the error between the latest triggered state and the current state exceeds a set threshold. In [11] - [13] , decentralized event-triggering schemes are proposed, in which the system state are divided into a set of nodes and each one has its own independent scheme. References [14] and [15] have presented the event-triggering schemes using observed state. In [16] , a system state related term is constructed to develop the event-triggering condition. Recently, various schemes for event-triggered control are developed, e.g., dynamic event-triggering scheme [17] , event-triggered control with a switching method [18] and neural network-based eventtriggered control [19] .
Note that the above mentioned references only study the system without exogenous disturbance. Taking exogenous disturbance into account, the event-triggered output feedback control is investigated in [20] . However, the Zeno problem (i.e., continuous triggering) may happen due to the exogenous disturbance. Reference [21] has excluded the Zeno problem via adding a positive scalar to the common threshold. Nevertheless, the asymptotic stability for the closed-loop system is no longer guaranteed even when the exogenous disturbance becomes zero. With the periodic sampling based event-triggering schemes, also named sampled-data based event-triggering schemes in [22] , the H ∞ control problem is studied in [23] - [25] . Since periodic sampling of system state is implemented before the eventtriggering scheme, the inter-execution intervals can be always no less than a sampling period, and the Zeno behavior is avoided.
But when to implement the periodic event-triggering schemes of [23] - [25] , full system state is needed to be measured, which usually cannot be realized in practical applications. For improvement, the periodic eventtriggering schemes based on system output signal are studied in [26] - [28] . Nevertheless, the periodic event-triggered control such as [23] - [25] cannot directly reflect the relationship between the event-triggering scheme and system performance. And, due to the implementation of the event-triggered control, the effect of data updating instants on the system performance analysis has not been clarified thoroughly yet. On the other hand, PI control structure is widely used in engineering for its advantages such as clear principle, easy to adjust and good performance. PI control is also adopted in the studies of ducted rocket and has been proven effective [29] , [30] . Thus, it is natural to consider that can one introduce an event-triggering mechanism into the existing PI control structure to further reasonably allocate the control system resources? The above observations motivate our current study.
In presence of exogenous disturbance, this paper is concerned with the event-triggered H ∞ PI output feedback tracking control problem and its application to ducted rocket engine. The ducted rocket control model is first described. Then, the event-triggered H ∞ PI output feedback tracking control method is presented. Instead of adopting system state [23] - [25] , a novel periodic event-triggering scheme is proposed, in which the system output is utilized to determine when to release the sampled data. And in particular, an added variable is designed in the event-triggering scheme to adjust triggering frequency and H ∞ output tracking performance. In order to facilitate performance analysis, a time-delay closed-loop system is developed with the PI controller and output-based event-triggering scheme. Moreover, a Lyapunov-Krasovskii functional is further provided to derive sufficient condition in terms of linear matrix inequality (LMI) to ensure the desired system performance. The effect of the proposed event-triggered sampling on the system performance analysis is discussed.
The remaining of this paper can be summarized as follows. Section II provides the mathematical model of the ducted rocket control system and problem statement. Section III first presents the output-based event-triggering scheme, and subsequently develops a time-delay closed-loop system. The H ∞ PI output tracking control performance analysis and design are given in Section IV. Illustrative example is given in Section V. Section VI concludes the paper.
Notation: Throughout this paper, R n is the n-dimensional Euclidean space; . represents the Euclidean vector norm; I and 0 are an identity matrix and a zero matrix with appropriate dimensions, respectively; N and N + respectively are the set of nature numbers and positive nature numbers; X T and X −1 are respectively the transpose and inverse of matrix X ; * stands for the symmetric blocks of a partitioned matrix; L 2 [0, ∞) is the space of square-integrable vector functions over [0, ∞).
II. MODEL DESCRIPTION AND PROBLEM STATEMENT
The ducted rocket model used in this paper refers to the previous research [6] , [29] , [30] . The physical structure of the rocket model is shown in Figure 1 . As a controlled object, the rocket engine's control model consists of two parts, i.e. actuator and engine thrust output model. The actuator includes gas regulating subsystem and pneumatic servo subsystem. A pressure sensitive propellant is used in the gas generator of solid rocket engine, and the gas flow rate can be adjusted by changing the nozzle throat area. Therefore, gas flow regulation is the key part of the rocket, which can determine the stability and performance of the solid rocket engine. For gas flow regulation, a pressure-balanced pintle type gas regulating subsystem is depicted in Figure 2 . The descriptions of the terms in Figure 2 are given in Table 1 . As can be seen in Figure 2 , the parts 1 -4 and 9 make up the pneumatic servo subsystem, which can change the
Schematic diagram of pressure-balanced gas regulating subsystem. A r is the inlet cross-sectional area of gas flow control valve, A tr is the nozzle throat cross-sectional area of gas generator, A v is the area of valve head chamber, p c is the pressure in the channel of control valve, p r is the pressure in gas generator chamber, p v is the pressure in valve head chamber, V r is the free volume of gas generator, and V v is the volume of valve head chamber.
pressure of the valve head chamber and let the valve head move up. When the rocket control system requires an increase in the demand for gas flow into the afterburner 12 , the control valve 4 is regulated so that the gas from 1 flows into the chamber 9 to increase its pressure. Then, the valve head 8 will move forward to reduce the throat area 7 of the gas generator. This will result in a greater amount of pressure and gas generation in the gas generator 5 and, ultimately, an increase in the gas flow into the afterburner 12 .
The control model of gas flow regulating subsystem can be described by the following equations. The reader can refer to [30] for further details.
where
are gains, q is the drive current of servo valve and w g is the gas flow rate. The overhead tilde symbol denotes Laplace transformation and denotes deviation form an equilibrium point. It can be known that the above equations indicate the whole actuator and present the relationship from the drive current of servo valve to gas flow rate.
There is difficulty in on-line measuring engine thrust, and the use of backpressure as an alternative is an important way. The engine thrust output expressed by the backpressure is given as
where τ i , i = 1, 2, 3, 4 are time constants, K 5 is gain, α is the time constant from small delay approximation, and p b denotes the backpressure of inlet.
As a result, the mathematical model of the considered ducted rocket control system can be described by (1)-(4). The thrust control system of ducted rocket engine is actually a servo system for thrust tracking reference input. Thus, the main control goal of the system is to track the command. Specifically, to better configure and utilize the computation and communication resources, this paper introduces an eventtriggering mechanism into the design of a ducted rocket engine control system. By the proposed event-triggered H ∞ PI output feedback tracking control method, the system's signal sampling frequency can be reasonably reduced while ensuring the system stability and tracking performance.
III. EVENT-TRIGGERING SCHEME AND CLOSED-LOOP SYSTEM MODELING
In this section, based on the periodic sampling of system output, an event-triggering scheme is first given to reduce the communication numbers in the network. Then in order to further analyze the H ∞ output tracking performance, a timedelay closed-loop model is derived with the PI controller.
A. OUTPUT-BASED EVENT-TRIGGERING SCHEME
In this paper, the proposed event-triggering scheme is described as
and r are respectively the exogenous disturbance and the reference signal to be given. δ, ε are nonnegative scalars and 1 , 2 are symmetric and positive definite matrices. To describe a triggering process, the system output y(t) is first sampled at a fixed period h, and the sampled signal is further released by the inequality in (5). That is if and only if the current sampled system output y(t k h + r k h) and the last released data y(t k h) satisfy e T t k
) is released and a triggered instant is generated as
Remark 1: In the event-triggering scheme (5), r k ∈ N + ensures that any inter-execution interval is not less than h. Thus compared with the traditional time-triggering scheme with a fixed sampling period h, the event-triggering scheme (5) can reduce the communication numbers in the network. And the Zeno behavior is completely avoided. In particular, the added variable εω T (t)ω(t) is a design term which can be used to further adjust the triggering frequency and H ∞ performance. Additionally, the event-triggered control will be reduced to the time-triggered control with sampling period h when δ = 0 and ε = 0.
B. SYSTEM MODELING
The controlled plant can be obtained by augmenting (1)- (4), and its state-space form with exogenous disturbance is VOLUME 5, 2017 given byẋ
where x(t) ∈ R n is the system state, u(t) ∈ R n u is the control input, y(t) ∈ R n y is the system thrust output, and ω(t) ∈ R n ω is an exogenous disturbance belonging to L 2 [0, ∞). It is assumed that the exogenous disturbance ω(t) is measurable [31] . A, B, B ω and C are constant matrices with appropriate dimensions. For a constant reference signal r, the output tracking error is defined as
FIGURE 3. Framework of the event-triggered output feedback tracking control system.
As shown in Figure 3 , the output y(t) is first periodically sampled as {y(νh)} ν∈N with period h. Then the eventtriggering scheme (5) allows some sampled data to be released, and the released data {y(t k h)} k∈N is further transmitted to PI controller for computing the control input u(t). The constant transmission delay {τ k } k∈N is taken into account in the network. An illustration of the relationship among the periodic sampling instants νh, releasing instants t k h and the data updating instants in the actuator t k h + τ k is shown in Figure 4 . It is known from Figure 4 that the sampled data of system output at instants 3h, 4h, and 6h are dropped by the event-triggering scheme such that the communication numbers in the network are reduced. When t ∈ [t k h + τ k , t k+1 h + FIGURE 4. Illustration of the relationship among the periodic sampling instants νh, releasing instants t k h and the data updating instants in the actuator t k h + τ k . τ k+1 ), the control input applied to the system is actually as follows.
where K P and K I are the proportional and integral gains that are designed in advance. Then the objective of the paper is to design a PI controller (8) such that the system output y(t) can track the reference r under the event-triggering scheme (5).
C. A TIME-DELAY CLOSED-LOOP SYSTEM MODEL
For the interval [t k h + τ k , t k+1 h + τ k+1 ), a time-delay closed-loop linear system can be developed as follows.
By defining τ (t) = t − j k h, from (9), one has
It is assumed that z 1 (t) = t 0 r − y(t k h)ds, from (6), (8) and (10), a time-delay closed-loop linear system is obtained asη
Besides, the system parameters arē
Note that y(j k h) = y(t − τ (t)), which together with the event-triggering scheme (5) gives
where F = [I 0].
IV. H ∞ PI OUTPUT FEEDBACK TRACKING CONTROL PERFORMANCE ANALYSIS
Based on the developed time-delay closed-loop linear system (11) , this section will provide the H ∞ PI output feedback tracking control performance analysis in terms of a sufficient condition. The following lemma and definition will be used. Lemma 2 [32] : For any symmetric and positive definite matrix R with appropriate dimension, scalar 0 ≤ τ (t) ≤ τ M , and vector functionη : [−τ M , 0] → R n η making the following integration well defined, it holds that
Remark 3: Lemma 2 can be proved by Jensen inequality, i.e.
And from the Jensen inequality, one can have
Then, the inequality in Lemma 2 could be obtained from the above conditions. Definition 4: System (6) is said to possess H ∞ output tracking performance if the following conditions are satisfied:
(1) The time-delay closed-loop linear system (11) is asymptotically stable whenω(t) = 0.
(2) For any nonzeroω(t) ∈ L 2 [0, ∞), under the zero initial condition, it follows that
whereγ is a positive constant.
Theorem 5:
Given positive scalars γ , τ M , δ, ε, symmetric and positive definite matrices 1 and 2 , if there exist symmetric and positive definite matrices P, Q and R with appropriate dimensions such that (13) , as shown at the bottom of this page, then the linear system (6) has an H ∞ output tracking performance indexγ = γ 2 + ε.
Proof: Consider the following Lyapunov-Krasovskii functional candidate (14) For the implementation of the event-triggering scheme (5) and the transmission delay existing in the network, the inter- (14) with (12) implieṡ
Furthermore, combining (15) and (16) and from Lemma 2, one haṡ
where φ is shown at the top of the next page.
It can be seen from (18) that e(j k h) and η(t − τ (t)) are piecewise continuous functions. Besides, the finite nature number r k renders only finite jumps for functions e(j k h) and η(t − τ (t)). Thus on the interval [t k h + τ k , t k+1 h + τ k+1 ), the Lyapunov-Krasovskii functional V (η(t)) is continuous [33] . Moreover, by utilizing Schur complement lemma, the LMI in (13) gives
Whenω(t) = 0, combining (17) and (19) yields that the inequalityV (η(t)) < 0 holds on any sub-interval t k j . And since V (η(t)) is continuous on the interval [t k h + τ k , t k+1 h + τ k+1 ), the Lyapunov-Krasovskii functional V (η(t)) is monotonously decreasing on the interval [t k h + τ k , t k+1 h + τ k+1 ). Furthermore, similar with the analysis for the interval [t k h + τ k , t k+1 h + τ k+1 ), the conclusion that the V (η(t)) is continuous on the interval [t k h + τ k , t k+2 h + τ k+2 ) can be obtained, which gives that V (η(t)) is continuous at instant t k+1 h + τ k+1 . Thus the Lyapunov-Krasovskii functional V (η(t)) is monotonously decreasing on the whole working time, i.e., the time-delay closed-loop linear system (11) is asymptotically stable.
On the other hand, whenω(t) = 0, for any T ∈ [0, ∞), it is assumed that 0 y(j v h) . Note that the meaning of interval [t v h+τ v , t v+1 h+τ v+1 ) is the same as [t k h+τ k , t k+1 h+τ k+1 ). Then combining (17) and (20), one has
Letting T → ∞, then from (19) and Definition 4, the inequality (21) ensures that the system (6) has an H ∞ output tracking performance indexγ . This completes the proof. Remark 6: If the scalar ε is set to zero, the following scheme is derived from the proposed scheme (5), i.e.
Then using event-triggering scheme (22) , for any interval [t k + τ k , t k+1 + τ k+1 ), the same time-delay closed-loop system model (11) can be developed with the condition
Furthermore, by utilizing the Lyapunov-Krasovskii functional in (14) , one haṡ
Then by replacing the variableγ with γ in the rest proof of Theorem 5, one obtains that when the LMI (13) in Theorem 5 is satisfied, the system (6) has an H ∞ output tracking performance index γ .
Remark 7:
Compared with the event-triggering scheme (22) without the term εω Tω , the parameter ε in scheme (5) has the potential to adjust the triggering frequency and H ∞ output tracking performance. When ε > 0, the added variable εω Tω is positive, then the triggering frequency under scheme (5) will be lower than that under scheme (22) . And for scheme (5), the larger parameter ε is set, the lower triggering frequency can be achieved while the higher H ∞ output tracking performance index is generated.
Remark 8: Note that the triggering frequency of both event-triggering schemes (5) and (22) is affected by the parameters 1 , 2 and δ. Generally, when 1 and 2 are determined, the larger δ may result in the lower triggering frequency. On the other hand, when δ is fixed, the bigger the 
V. ILLUSTRATIVE EXAMPLE
In this section, an example is given to illustrate the effectiveness of the proposed event-triggered control method. The ducted rocket model adopts the parameters from the author's previous research [29] , [30] , that is a linearized model at a specific operating point and its state space form is given by 
which ensure that the linear system (6) has an H ∞ output tracking performance. For the condition τ k + h ≤ τ M , the transmission delay τ k ∈ [0, 0.04) and the sampling period h = 0.05 are set, respectively. As to the added variable εω T (t)ω(t) in the eventtriggering scheme (5), the parameter ε = 0.001 is chosen. Furthermore, the predetermined thrust command and the evolution of thrust output under traditional continuous feedback control, time-triggered control (sampling at fixed period h = 0.05) and event-triggered control with schemes (5) and (22) are all shown in Figures 5 and 6 . Figures 7 and 8 display the inter-execution intervals of the event-triggering schemes (22) and (5), respectively. From Figure 5 , the predetermined thrust command is from 0 to 1 and further to 0, and the (dimensionless) thrust output under the proposed event-triggered control can reach and maintain the predetermined thrust command in a short time. Compared with the four cases, it is clearly known that by the proposed eventtriggering scheme (5), satisfied H ∞ output tracking performance can be ensured and the thrust output of ducted rocket control system could keep up with its command quickly. Especially, from Figure 6 , it can be seen that the output tracking performance under the proposed event-triggering scheme (5) is close to that under other three control methods including the continuous feedback control in reference [29] . Meanwhile, Figures 7 and 8 further show that any interexecution interval is not less than the sampling period h = 0.05, which implies the proposed event-triggering scheme completely excludes the Zeno behavior. Besides, when the parameters 1 , 2 are fixed and ε = 0.001 is chosen, the comparison of data communication numbers among the time-triggering scheme, the eventtriggering schemes (5) and (22) under different values of δ is provided in Table 2 . It can be seen that the triggering frequency of both event-triggering schemes becomes lower when δ is set larger. Especially, compared with the timetriggering scheme and event-triggering scheme (22) , the proposed event-triggering scheme (5) can significantly reduce the communication numbers. For instance, when δ = 0.01, the triggering times of the event-triggering scheme (5) are respectively 45.42% and 32.25% of that under the eventtriggering scheme (22) and time-triggering scheme.
From another angle, when the choice of 1 = 1, δ = 0.01 and ε = 0.001 is fixed, the results for different values of 2 (0.01, 0.1 and 0.5) are checked, and the corresponding triggering times can also be read from Table 2 . It can be concluded that the larger eigenvalue of 2 (here it is onedimensional but in general it can be a matrix) can lead to the lower sampling frequency. In addition, when the parameters 1 = 1, 2 = 1 and ε = 0 are set, the proposed eventtriggering scheme (5) can be reduced to a similar form as the schemes in [26] and [27] . As discussed in above, compared with the schemes in [26] and [27] , the proposed eventtriggering scheme (5) with added term εω T (t)ω(t) can further reduce triggering times.
Furthermore, the comparison of data communication numbers for the event-triggering scheme (5) with δ = 0.01 under different values of ε is presented in Table 3 . It is clear known that the larger ε is set, the less triggering times can be obtained while the higher H ∞ output tracking performance indexγ is induced. However, compared with scheme (22) , the triggering times under the event-triggering scheme (5) could be largely reduced with a slight increase of the H ∞ performance index. For instance, when the parameter ε changes from 0 to 0.001, the H ∞ output tracking performance index increases only 0.028% while 54.58% of the triggering times can be reduced.
In conclusion, different with scheme (22) , the proposed event-triggering scheme (5) with an added variable εω T (t)ω(t) can further effectively reduce communication numbers and adjust the H ∞ output tracking performance to a certain degree. From the simulations, the proposed event-triggered control method can not only reduce network resources consumption but also guarantee the H ∞ output tracking performance of the ducted rocket control system.
VI. CONCLUSIONS
By implementing a novel periodic event-triggering mechanism in ducted rocket control system, we are interested in the H ∞ output tracking control problem of the system via PI output feedback control. A design method has been developed for guaranteeing the event-triggered H ∞ output tracking performance. With the event-triggering mechanism, the controller is triggered and updated only if the system output signal based error norm reaches a pre-defined threshold. Particularly, an added variable has been designed in the periodic event-triggering scheme to further adjust triggering frequency and system performance. As an important and applicable type of control systems, PI control design has been considered in the paper. Moreover, the mathematical model of gas flow regulating system and ducted rocket thrust output have been introduced. In addition, a time-delay closedloop system model has been developed for facilitating system performance analysis. A Lyapunov-Krasovskii functional has been adopted to derive the sufficient condition for guaranteeing the H ∞ output tracking performance. And the effect of the event-triggered sampling on the system performance analysis has been clarified. Finally, the proposed control strategy has been applied to a ducted rocket control model. Simulation results and comparisons have verified the effectiveness. 
